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Abstract. We extend a method of Yamashita (Econometrica 2010)
to show that every allocation rule supportable by a centralized
mechanism designer, including allocations involving correlated ac-
tions (and correlated punishments) can be supported as a Bayesian
equilibrium outcome function in the competing mechanism game
provided the game has four or more players.

In a competing mechanism game, multiple principals design con-
tracts that commit them to actions that are conditional on messages
they receive from other players. It is well known that static competing
mechanism games can have equilibrium in which principals can support
collusive outcomes by using mechanisms which require agents (or any
other player with whom they communicate) to communicate market

information along with information about their types. This possibility
was initially mentioned in McAfee (1993), however, examples that il-
lustrated this would work were offered later in Peck (1994),Martimort
and Stole (1998), or Epstein and Peters (1999).

A characterization of a set of contracts that could be used to sup-
port all equilibrium outcome functions in a competing mechanism game
was provided in Epstein and Peters (1999). These contracts were di-
rect mechanisms in which agents’ types were defined in a way that
incorporated their market information. As the agents’ types involved
a hierarchical construction, these contracts were complex. For the spe-
cial case of common agency, a much simpler set of contracts could be
used to understand all equilibrium allocations. These were described
in Martimort and Stole (2002),Peters (2001) and Pavan and Calzolari
(2009). Similar attempts to describe a set of indirect mechanisms that
can be used to support all competing mechanism equilibrium have been
provided in special environments by Han (2006), and Andrea Attar and
Portiero (2008).
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In a recent paper Yamashita (2010) suggests a method that could
be used to characterize the set of supportable outcome functions. He
proposes a class of mechanisms he calls recommendation mechanisms.
The contracts resemble menus in that principals commit themselves
to use whatever direct mechanism their agents recommend they use,
provided the majority of agents make the same recommendation. Since
disagreeing with the majority is never a strict best reply, a lot of out-
come functions then become potential equilibrium candidates.1

Though Yamashita explains perfectly well how competing mecha-
nisms can be used to support multiple outcomes, he doesn’t provide
an explicit theorem characterizing supportable outcomes. There are
two reasons for this. First, he restricts players to use pure strategies
both on and off the equilibrium path for expositional reasons. So a
characterization isn’t really the point of the paper. Secondly, as he de-
scribes what a characterization might look like, he describes a ’value’
that imposes a lower bound on principals’ payoffs for supportable out-
comes. This ’value’ is the lowest payoff that the principal attains from
any mechanism he can offer in any continuation equilibrium against
any array of mechanisms of the other players. Since the calculation of
these values basically requires the calculation of all equilibrium strategy
rules, the ’characterization’ is really nothing more than a restatement
of the definition of equilibrium. Our primary goal in this paper is to
provide a (more useful) characterization. Our main result is that the
set of Bayesian equilibrium outcomes in competing mechanism games
is equivalent to the set of outcomes supportable by a centralized mech-
anism designer who collects information then controls the actions of all
the players.

Proving this characterization theorem involves a number of issues
that go far beyond the discussion in Yamashita. First of all, in order
to provide a more useful characterization that can related to standard
concepts in mechanism design, we focus on Bayesian equilibrium. This
give us a simple relationship between supportable outcome functions
and those that could be implemented by a centralized mechanism de-
signer. For games of incomplete information, this brings us as close
as possible to ’folk theorem’ characterizations involving collections of
inequalities that are familiar from the repeated game literature. A
second advantage of the Bayesian approach arises from the fact that
standard refinements are problematic in competing mechanism games.

1The argument is similar to, for example, Gerardi and Yariv (2007) who show
the equivalence of voting rules that don’t require unanimity. One key element of
their logic is that when everyone else is expected to vote a certain way, it is always
a best reply to do likewise (provided unanimity isn’t part of the voting rule).
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Since all refined equilibria are also Bayesian equilibrium, our approach
gives some insight into these equilibria anyway (though the detail of
the refinement will obviously provide more insight).

The role that mixed strategies play in has been widely discussed in
the literature in common agency. In particular, papers like (Peck 1994)
have shown how indirect mechanisms can be used to correlate principals
actions. For this reason, it seems important to deal with randomiza-
tion. when characterizing supportable outcomes. We incorporate a
device that makes it possible to deal with mixing and correlation at
the same time while still using familiar direct mechanisms to support
outcomes. We borrow a some results from the computer science liter-
ature, in order to show how to implement correlated outcomes in an
environment in which principals still communicate privately with their
agents. For complete information games, our results show how the folk
theorem like results in A.T. Kalai and Samet (2010) can be extended
to arbitrary numbers of players. For games of incomplete information,
our characterization involves the usual inequalities associated with in-
centive compatibility and individual rationality.

The customary way to model competing mechanisms, which the ap-
proach that Yamashita follows, is assume that each principal is unin-
formed and deals with the same set of informed agents. The agents
have an interest in the outcome, but have no commitment ability. We
want to extend the scope of our theorem to a much broader set of envi-
ronments than is traditionally discussed in the literature. In particular,
the extension to informed principals is valuable in problems like collu-
sion Laffont and Martimort (1997) or Che and Kim (2006)) in which
the problem of exactly who offers the collusive mechanism is often an
issue. For example, we would like to provide a characterization of the
set of outcomes that can be supported by a group of colluding agents
who can make commitments to each other, but who otherwise don’t
have access to an uninterested outside coordinator. For this reason, we
allow all players to communicate and make commitments.

The indirect mechanism that we add to achieve correlation with pri-
vate communication is the only new conceptual idea in this paper.
We exploit two properties of the competing mechanism environment
that aren’t typically considered in the existing literature. The first is
that principals can communicate with one another after contracts are
signed in much the same way agents do.2 The second is the fact that

2In the principal agent setting, we can prove our characterization theorem with-
out communication among principals provided there are enough agents. For ex-
ample, in the environment considered by Yamashita, our theorem applies whether
principals can communicate with each other or not. The one setting where we do
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communication can be sequential. We use sequential communication
to correlate principals’ actions in a manner similar to the way that
unmediated communication supports correlated equilibrium in games.3

Apart from the fact that we consider a much broader set of environ-
ments, we have been careful to adopt conventions that are standard in
the literature. For example, we assume that principals communicate
privately with their agents. We allow only non-random mechanisms
and assume that players use pure strategies both on and off the equi-
librium path for everything except for special messages we refer to as
’correlating messages’ which are, in a sense we describe below, payoff
irrelevant.

1. Fundamentals

There are n ≥ 4 players. We sometimes write N to represent the
set of players. Player i must choose an action ai from a finite set Ai.
Let a = {a1, . . . , an} be an array of actions in A = A1 × · · · × An.
A−i =

∏

j 6=i Aj.
Each player i has a privately observed payoff type θi drawn from a

finite set Θ. Payoffs are given by ui : A × Θn → R. Players have
expected utility preferences over actions.

Let Pi, P−i, and P be the set of probability distributions on Ai, A−i,
and A respectively. A typical element p ∈ P is a vector with pk equal
to the probability that the kth element in A occurs, where the set A is
indexed in some arbitrary fashion.

Let q : Θn → P be an allocation rule. In what follows we slightly
abuse notation by writing ui (q, θ) instead of

∑

a∈A qaui (a, θ). We are
interested in allocation rules that are incentive compatible and individ-
ually rational. Incentive compatibility means

(1.1) E {ui (q (θ) , θ) |θi} ≥ E {ui (q (θ′i, θ−i) , θ) |θi}

for each i ∈ N , and θ′i ∈ Θi. Individual rationality means that for each
player i there is a punishment pi : Θ−i → P−i such that for every θi

E {ui (q (θi, θ−i) , (θi, θ−i)) |θi} ≥

(1.2) max
ai

E
{

E
{

ui

(

ai, p
i (θ−i) , (θi, θ−i)

)

|θi

}}

.

need to allow principals to communicate is common agency. We return to this issue
below.

3As in (Gerardi 2004), or (Forges 1990)for example. The difference here is that
principals can commit to the way they respond to messages.
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With complete information, an allocation is individually rational if and
only if it provides each player with an expected payoff that exceeds his
or her minmax value, defined for player i as

(1.3) u∗
i ≡ min

p−i∈P−i

max
ai∈Ai

ui

(

ai, p
i
)

.

Again, with complete information the punishment

p∗−i ∈ arg min
p−i∈P−i

max
ai

ui

(

ai, p
i
)

can be used to support all implementable allocations.
Notice that when constructing a punishment, or a minmax value,

punishers are allowed to correlate their punishments. This is appropri-
ate for a mechanism designer who can enforce contracts and correlate
actions among agents who have agreed to participate.

2. Competing Mechanism Game

Players determine their actions by writing contracts that restrict
their actions conditional on messages they (privately) receive from
other players. Feasible messages and mechanisms are different for dif-
ferent models. Sometimes, the set of feasible mechanism is very re-
stricted. For example, in common agency, the only communication
that is allowed to occur is that between a principal and a single agent.
The messages the agent can send are also quite restricted. For example,
the agent may be asked to pick an element of a non-linear price sched-
ule. The characterization theorem we prove below requires a richer set
of mechanisms. Rather than trying to be very general about this, we
describe a relatively simple set of mechanisms that will work.

Let Γi be the set of all measurable mappings from (Θ × [0, 1])n(n−1) →
Ai. We are going to let the message space Mi for player i be Γi ×
(Θ × [0, 1])n. The set of mechanisms for player i is then going to be
the set of all measurable mappings Ri from (Mi)

n−1 into Ai.
Let us explain. We are going to have each player i offer a mechanism

that asks the other players to make a recommendation and then to
report types and correlating message. Up to some qualifications that we
specify below, we describe equilibrium in which each principal commit
himself to follow the other players’ recommendation provided they all
agree. Recommendations are mappings that look pretty much like
direct mechanisms save for the additional correlating messages.

The complication we need to address is to make sure that the type
report (and correlating message) that another player provides him is
the same type report that player sent to every third player. The way
we are going to deal with this is to have players send messages in
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(Θ × [0, 1])n over two rounds. Each player will report his own type and
correlating message in the first round, then report the messages that
he heard from the other types on the second round.

As the process of reporting on reports means that our mechanisms
explicitly involve sequential communication, so we refer to them as se-

quential communication mechanisms. It might also be noted at this
point that these mechanisms do not on their own induce any random-
ization - they map into pure actions. We will induce randomization
when we allow agents to randomize over the messages they send in
[0, 1].

An equilibrium for the competing mechanism game is a Bayesian
equilibrium of the usual sort. The players’ strategies specify for each
of their types, a mechanism and a rule that specifies the messages they
send in each round as a function of the mechanisms offered by the other
players, and the messages they received in previous rounds. When we
need it, we use the notation Σi to refer to the set of strategy rules
available to player i. The notation σi refers to a specific strategy. A
Bayesian equilibrium is a collection of strategy rules that are jointly
best replies to one another.

3. Theorem

At this point we can state our main theorem:

Theorem 1. If there are 4 or more players, then an allocation rule can

be supported as a Bayesian equilibrium in the competing mechanism

game if and only if it is incentive compatible and individually rational.

It is important to point out what this theorem adds to the logic
in Yamashita. Most obviously it covers random, and even correlated
outcomes that could not be captured because of the pure strategy non-
random mechanism assumptions in Yamashita. Secondly, it extends
the characterization from the uninformed principal informed agents
framework to an environment in which there are informed principals.
It covers common agency provided there are three or more principals,
which is ruled out by Yamashita’s approach. It also admits problems
in which bargaining power is evenly distributed among players. At
the most fundamental level, it provides a characterization in the form
of a set of inequalities, which Yamashita’s paper does not do, as we
explained above.

Of course, Yamashita’s point is not to provide a characterization in
the first place. It is simply to show how recommendation mechanisms
work. Our model goes beyond this. We start with the set of incentive
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compatible individually rational allocation rules, then show how to
implement all of them.4

One interpretation of Yamashita’s theorem is that permitting too big
a set of feasible mechanisms makes the competing mechanism paradigm
uninteresting since it potentially loses most of its predictive power.
Since he doesn’t provide a characterization, this interpretation of his
theorem may be going too far. However, the theorem we present here
looks more like a standard folk theorem. There is a sense in which
this theorem can be used in a positive way. To explain it, we take a
moment to describe the collusion proof-ness problem. The gist of the
idea is from McAfee and McMillan (1992) who imagined a mechanism
designer like an auctioneer designing a mechanism while realizing that
bidders might want to collude against him. They suggested that the
colluding bidders should be subject to the same incentive compatibil-
ity and individual rationality constraints as the primary mechanism
designer. Ultimately, this led to the idea that the primary mechanism
designer’s mechanism should be designed to rule out the possibility
that bidders could themselves designing a mechanism that is at once
profitable, but also incentive compatible and individually rational.

One important problem in doing this is to decide who exactly will
come up with the mechanism that guides the colluders. Our approach
illustrates one possible answer. It suggests that modeling the collusive
process as if it were designed by an outside coordinator can be ’decen-
tralized’ into a model in which all the potential colluding players can
offer commitments. This seems more reasonable in many ways than
arbitrarily choosing one of the players and giving them this responsi-
bility.

We now turn to the proof of this result which is completely construc-
tive.

4. Some Preliminary Ideas.

Our proof combines a number of ideas. We borrow methods from
computer science to implement correlated and random outcomes. We
then develop a sequential communication mechanism that effectively
converts private communication into a public correlating device. We
explain each of these methods before we proceed to the proof of the
main theorem.

4Even if we don’t know what these allocation rules are, it seems a far easier
problem to calculate them for some environment than it does to find all mechanisms
which have pure strategy continuation equilibrium.
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4.1. Implementing random outcomes with non-random con-

tracts. Let B be a set with K elements indexed in some arbitrary
way. Let π be a vector of K probabilities that sum to one. Let t̃ be
a random variable uniformly distributed on [0, 1]. The randomizing

function απ (·, B) for mixture π on the set on set B is defined by

(4.1) απ
(

t̃, B
)

=

{

bk : k = min
k∈{1,...,K}

k
∑

l=1

πl ≥ t̃

}

.

This randomizing function takes value bk with probability πk. To see
how this device will be used, suppose that player i can observe a ver-
ifiable random device t̃ which is uniformly distributed on [0, 1]. Then
the contract απ

(

t̃, Ai

)

which maps from the randomizing device into

pure actions implements the mixture π on Ai. More broadly, απ
(

t̃, A
)

implements joint action ak with probability πk. Let απ
i

(

t̃, A
)

be the

projection of α onto Ai. If each player writes a contract based on t̃

that commits them to take action απ
i

(

t̃, A
)

, then the set of contracts
{

απ
1

(

t̃, A
)

, . . . , απ
n

(

t̃, A
)}

implements the joint randomization π.

4.2. A property of uniform distributions. For any non-negative
real number x, ⌊x⌋ means the fractional part of x (sometimes the ter-
minology is x mod 1). Let x̃1, . . . , x̃n be a collection of n independent
random variables, where each x̃i is uniformly distributed on [0, 1]. For
n ≥ 2, fix x̃i = x for some i. Then ⌊x +

∑

j 6=i x̃j⌋ is a random variable.

This random variable turns out to be uniformly distributed on [0, 1]
independent of x̄. 5 Since this argument proves very useful below, we
give a simple proof in the Appendix section 8.1..

4.3. Confirmation Process. Now we describe how we will turn pri-
vate messages into public messages. There are two issues here - the
first is to create what amounts to a public correlating device. Perhaps
as important, each player will convey type information to the other
players. Since the player’s type report must be the same in each mech-
anism to which he reports, we have to provide some kind of incentive
for players to say the same thing to all players. We do this using a
special sequential communication mechanism that we call a ’confirma-
tion process’. Players send messages in the first round, but commit

5This appears to be conventional wisdom in statistics. The theorem is referred to
in Deng and E.Olusegun (1990). A proof that the sum mod 1 of a pair of random
variables on [0, 1] is uniform as long as at least one of the random variables is
uniform is given in Deng, Lin, Wang, and Yuan (1997), Theorem 3.1 (see especially
the comment after the theorem).
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themselves to react only when other players confirm these messages in
the second round.

Recall that in our mechanisms, a player expects to receive a mes-
sage in (Θ × [0, 1])n from each of the other players along with some
recommendation about how to deal with these messages. The rec-

ommendation is a mapping γi : (Θ × [0, 1])n(n−1) → Ai suggesting to
player i how he should convert the messages in (Θ × [0, 1]) into actions.
As they aren’t mechanisms per se, we will refer to the mappings γi as
processes. To simplify notation a bit, define S ≡ (Θ × [0, 1]). Let τ be
a mapping from Sn(n−1) → Sn.

Now adopt the following notation: let sj represent the first round
message that player i receives from player j. Let tkj represent the
second round report that player j makes to i about player k’s first
round report. Observe that the message tij would be j’s report about
what i told him in the first round. This message is important in what
follows despite the fact that i already knows what report he made to
j in the first round. Player i’s mechanism will deal with n − 1 reports
like this and convert them into a single vector in Sn.

Definition 2. The mapping γi : Sn(n−1) → Ai is called a confirmation

process for player i if there is a mapping τ : Sn(n−1) → Sn and a
mapping γτ

i : Sn → Ai such that γi (s̃) = γτ
i (τ (s̃)) for every s̃ ∈

Sn(n−1), and such that the jth component of this transformation τ is
given by

τj (s−i, t−i) =

(4.2)











s′ if j = i;
{

∃!j′ : tij′ 6= tik ≡ s′∀k 6= j′, i
}

∨ {tik = s′∀k 6= i}

s′ if j 6= i;
{

t
j
k = s′∀k 6= j

}

∨
{

∃!k 6= i, j : t
j
k 6= sj = s′

}

s otherwise.

In the expression above, the notation ∃! means there ’exists a unique...’,
the notation ∨ stands for ’or’.

We explain. A confirmation process breaks the mapping γi into
two parts. One part, the γτ

i looks much like an inscrutable direct
mechanism in which the action the player takes is a function of the
types of his agents as well as his own type. His ’agents’ in this case,
are just the other players. However, he doesn’t simply ask the others
to report their types or choose his own type. Instead, he derives these
types from a larger set of messages. This is the ’confirmation’ part τ ,
which reduces the n (n − 1) messages sent over two rounds into the n

messages required by γτ
i .

The number τj (s−i, t−i) is the type (and correlating message) in S

that i will use for player j in the ’direct mechanism’ γτ
i . First consider
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how player i derives the type that he uses for himself - i.e., the value
τi. The logic is described in the first line of (4.2). He asks the others to
tell him what type he reported to them in the first round. If they all
agree, or all but one of them agrees he uses whatever type they agree
on. Otherwise, he uses some arbitrary type.

For the others, the computation differs only slightly - the logic is
described in the second line of (4.2). To find a type (and correlating
message) for player j, he asks the players other than j what type j

reported to them in the first round. If they all agree, he uses that
type. If there is a single dissenting message, he compares the messages
that do agree with the type that j reported to him on the first round.
If those agree, then he uses that type. Otherwise, he uses an arbitrary
type.

We give more structure to the processes γi below. For the moment,
we focus on a very specific property of confirmation processes. Fix
an array of mechanisms for the players. Every such array of mecha-
nisms indexes a subgame of the original game in which players send
recommendations and reports. Generally players don’t know what rec-
ommendations other players make to each other, so they can’t predict
exactly how their reports in Sn are being converted into actions by any
other player.

However, if we fix a set of strategy rules, then each player j believes
that the relationship between reports and actions for player i is given
by some mapping γ̃

j
i : Sn(n−1) → Pi. This mapping depends on j’s

type, though we suppress this in the notation to make it a bit simpler.
Implicit in this mapping is a presumption that j follows the strategy
σj when he makes his recommendation to i.

In many subgames, this uncertainty will disappear. For example,
if player i uses a mechanism which makes his action independent of
players’ recommendations. The case we are interested in here is one in
which the strategy rules that players are using are such that player j

knows what recommendations the others will make to player i. Given
some subgame and some array of strategy rules, we say that player j

believes that player i is using process γj if γ̃i
j = γj.

6

Lemma 3. Suppose n ≥ 4. Consider any subgame and set of strategy

rules such that some player j believes that player i is using a confir-

mation process. Suppose further that all the players other than j are

using strategy rules that involve a consistent revelation strategy. Then

whatever the realizations (s−j, t−j) of the others’ reports, τ i
k (s−i, t−i) is

6Equality here means that the mixture on the left is a degenerate mixture with
support that coincides with the values on the right hand side.
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independent of what j reports if k 6= j, while there are reports that j

can send to i such that τ i
j (s−j, t−j) takes any value in S.

The important thing about this Lemma is that when j considers
what messages to send to player i, he is strategically in exactly the same
position he would be in participating in a standard direct mechanism.
All he can affect is his type report (and correlating message) to player
i.

We give a full proof here, but the logic is straightforward. There are
4 or more players, so i expects messages from at least three players.
By (4.2) i will ignore a message from one player unless it agrees with
all the others. When player j is considering what value player i will
use for the type and correlating message of some player k, he expects
the other players to report a common value in S to i as they are all
using consistent reporting strategies. As a consequence, he expects his
own message will be ignored. Observe that this logic applies to both
the first and second round message. Also note that player i is also
expected to use a consistent reporting strategy here, so k could have
the value i in this paragraph.

On the other hand, if j considers what message i will use for him, the
logic is different. As the others are using consistent reporting strategies,
he simply needs to send the same message in S to each of the other
players to ensure that i uses that message. None of this argument
works if n is three or less because i cannot tell which of two different
messages he should ignore.

4.4. Consensus Mechanisms. The idea that principals should ask
their agents for recommendations about how to process information is
due to Yamashita (2010). His idea was to have the principal commit
himself to carry out the recommendations of the agents provided an
outright majority of the agents make the same recommendation. We
simply adapt this idea here. In our context there may or may not
be agents, so players ask other players for recommendations. If the
principal’s mechanism commits him to carry out the recommendation
when all the other players, or all but one of the other players agree,
then we say that the principal’s mechanisms is a consensus mechanism.

Formally, a mechanism ri : (Γi)
(n−1) × Sn(n−1) → Ai is a consensus

mechanism if
ri (γ−i, s−i) =

{

γ′ (s−i) if {∃!j : γj 6= γk ≡ γ′∀k 6= j} ∨ {γk = γj ≡ γ′∀j, k}

ai otherwise.
11



Now the proof of our folk theorem can be done constructively. On
our equilibrium path all players will offer a consensus mechanism in-
dependent of their type. If all players do this, then each of them will
recommend a confirmation process to each of the other players. The
details of the confirmation process will depend on the allocation rule
we are trying to support. If some player deviates and offers something
other than a consensus mechanism, then the other players will recom-
mend to each other a confirmation process than penalizes the deviator.

It should mostly apparent why this construction will work. Players
can see whether or not everyone has offered a confirmation process after
mechanisms are announced. They then believe that they know what
recommendations the others will make. The nature of a consensus pro-
cess is such that unilateral disagreement is ignored, so going along with
the majority is at least a weak best reply. The confirmation process has
been constructed specifically so that all players can accomplish when
they participate is to lie about their type. As long as the confirmation
process implements an incentive compatible allocation rule, there is no
incentive to do this. The only real complication in the proof is to show
that it is an equilibrium for players to send correlating messages that
correctly implement randomized outcomes.

5. The Proof of the Main Theorem

Proof. The proof is constructive. Let q (θ) be the randomization that
is to be supported when types are θ. Since the allocation rule is in-
dividually rational, there is a collection of punishments that ensure
participation by each player. Let {pi (θ−i)}i∈N be the type contingent
randomization that is to be carried out by the players other than i

when i is being punished.
We first describe the recommendations we want players to make.
Let τ be a confirmation process with message space Sn = (Θ × [0, 1])n.

Write (θ, x) as a typical element of S. The function τj (s−i, t−i) ∈
Θ × [0, 1], so write τj (s−i, t−i) =

{

τ θ
j (s−i, t) , τx

j (s, t−i)
}

. The equilib-
rium path recommendation by other players to player i is given by

(5.1) γi (s−i, t−i) = α
q(τθ(s−i,t−i))
i

(

⌊
∑

j∈N

τx
j (s−i, t−i)⌋, A

)

where α
q
i is the projection of the randomizing function for mixture

q
(

τ θ (s−i, t−i)
)

on the set A onto the set Ai. The randomizing function
is defined by (4.1) above.

When player k unilaterally deviates in the mechanism design stage
and offers something other than a recommendation mechanism, the
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non-deviators will recommend

(5.2) γk
i (s−ik, t−ik) = α

pi(τθ(s−ik,t−ik))
i

(

⌊
∑

j 6=k

τx
j (s−ik, t−ik)⌋, A−k

)

to each non-deviating player i, where (s−ik, t−ik) is an array of messages
from the other non-deviating players. In words, the non-deviators will
recommend to each other the (projection of the) randomizing function
associated with the punishment.

In any information set in which all players have offered a consen-
sus mechanism, player i should recommend γj to each other player j,
truthfully report to each player k 6= j the message received from player
j, truthfully report his type to every other player, and send every other
player a correlating message x drawn uniformly from [0, 1]. In any his-
tory in which a single player, say player k, has deviated and offered
some mechanism other than a consensus mechanism, player i should
recommend the punishment mechanism γk

j to each player j 6= k, truth-
fully report the private message received from each player j 6= k to
each player j′ 6= k, j, send the same correlating message s′ to each of
the other players where s′ is chosen using a uniform distribution on
[0, 1], and report his type truthfully to each of the players other than
k. Any action unspecified here can be chosen arbitrarily.

Now we proceed to prove that the strategies specified constitute a
Bayesian equilibrium. First, it is immediately a best reply for each
player to offer a consensus mechanism. If he does that, he should
expect the allocation rule q (θ). If he deviates, he should expect the
others to implement the punishment pi (θ). Since the allocation rule
satisfies (1.2), this can’t increase his payoff.7

On the equilibrium path, all players offer consensus mechanisms, and
each player recommends a confirmation processγj as given by (5.1). We
have already explained that for any confirmation process, it is a best
reply for each player to report the same type and correlating message
to each of the other players provided they believe that the others are
doing the same. For the correlating message, the others are expected
to send a correlating message that is uniformly distributed on [0, 1].
As we have explained in Remark 5 above, this implies that ⌊

∑

j∈N τx
j ⌋

has a uniform distribution independent of what signal xi i chooses to
send. Then for each θ−i and each report θ′i and signal x̃i that i chooses

7Notice that because we are only interested in Bayesian equilibrium at this point,
this particular argument works even if there are only three players in the game. We
still need the fourth player to support equilibrium in the confirmation process.
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to send to the others on the first round

α
q(τθ)
k

(

⌊
∑

j∈N

τx
j ⌋, A

)

=

α
q(θ′

i
,θ−i)

k (x̃, A)

where x̃ has a uniform distribution on [0, 1]. Since this rule implements
the incentive compatible rule q, player i has no incentive to misrepresent
his type. It is also a best reply for player i to choose a signal uniformly
from [0, 1].

The other direction for this theorem is straightforward. If an al-
location rule is supported as a Bayesian equilibrium, it is obviously
incentive compatible. It is individually rational because a player can
always deviate to a mechanism that makes his action depend only on
his own correlating message. The payoff associated with this devia-
tion is given by the right hand side of (1.2), where the punishment is
whatever outcome function is supported by continuation play when the
deviator uses this mechanism. Since the left hand side of (1.2) repre-
sents the payoff before a deviation, inequality (1.2) must hold whenever
the allocation rule q (θ) is supported as a Bayesian equilibrium. ¤

6. Remarks.

The approach above shares many of the methods of the literature on
communication in games(Gerardi 2004),(Forges 1986),(Barany 1992).
(Gerardi 2004), for example, uses the majority rule approach to en-
sure that players all send the ’correct’ message in his communication
protocols. This is exactly the idea behind a consensus mechanism.
He also uses the randomization idea in (4.1), albeit restricted to two
players.8 The important difference between our paper and all this liter-
ature is the fact that we are doing mechanism design - players can make
commitments based on messages. So the allocation rules we support
aren’t typically communication equilibrium (or correlated equilibrium
with complete information). The important difference in the design
of communication protocols is that when trying to support commu-
nication equilibrium, it is critical that players only learn what they
themselves are supposed to do after they receive and send all their
messages. In our context, this doesn’t matter because once messages

8He has two players publicly announce numbers in the interval [0, 1] then uses
the fractional part as a public correlating device. As there are only two players,
he doesn’t need our Remark 5. In our model, there are no public messages at all,
beyond the mechanisms that players announce at the beginning of the game.
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have been exchanged, every player’s action is committed through the
mechanism that he offered at the beginning of the game. It doesn’t
matter whether or not he learns what the other players are committed
to.

There is a literature on mechanism design in communication net-
works ((J. Renault and Tomala 2010) or (Renou and Tomala 2010))
which considers sequential communication schemes like the one we de-
scribed in Section 4.3. In this literature, a centralized mechanism de-
signer can communicate with only a subset of all the agents. However,
the agents can communicate among themselves according to some ex-
ogenously fixed communication protocol. The papers cited above pro-
vide communication protocols which allow agents to communicate their
type information secretly to the principal. The essence of their result
is to show that, provided the communications network is right, there
is a way for agents to encode their own information along with the
information they have received from others, and pass it along in such
a way that only the the mechanism designer can decode it.

In order to ensure that players pass along encoded information truth-
fully, their papers use a method that resembles our confirmation pro-
cess. A protocol that transmits player 1’s type (assumed here to be a
positive number) to the mechanism designer is repeated, say, 3 times.
Player 1 chooses at random one of the three repetitions and transmits
his type on that repetition. On each of the other two repetitions he
transmits the number 0 as his type. If the mechanism designer decodes
2 zeros and one positive number, he responds as if the type is a positive
number. If he decodes any other sequence, he implements a punish-
ment. The purpose of this is to ensure that the other players transmit
messages from player 1 truthfully. They don’t know which of the three
messages from player 1 contain his type report. So they have a 1 in
three chance of changing the outcome in a way that they might like,
and a 2/3 chance of inducing the punishment when they lie. Assuming
that there is a punishment that is strictly worse than any outcome the
mechanism designer might otherwise implement, no matter the type of
any other player, then repeating the protocol enough times will ensure
that players other than player 1 transmit messages truthfully.

The details of the argument differ, but the spirit is the same as the
confirmation process - if other players are hearing the same message
that you are, then there are sometimes ways to to check whether they
are transmitting the information truthfully. Our communication pro-
cess is structured to do this, so we don’t need a ’worst outcome’ that a
mechanism designer can use to enforce truthtelling. In our framework,
deviating messages are simply ignored. Of course, the context of our
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result is quite different since we don’t have a mechanism designer in
the first place - we deal with decentralized competition.

Nonetheless, the method they describe illustrates how the results pre-
sented here can probably be extended to games with fewer than four
players. Our communication mechanism requires agreement among all
but one of the players who are participating in a mechanism. If there
are only two players, and the messages they send are different, then
the player who is interpreting them does not know which message is
the correct one, and which is a deviation. Each of our players has
to have at least three others sending him messages for our method to
work. The method above illustrates how a player might detect de-
viations with messages from only two players provided the sequential
communication mechanism goes on for long enough. It may also be
possible to extend our results if there is a public correlating device
using methods like those in (Forges and Vida 2011) who show that
communications equilibrium outcomes can be implemented with long
cheap talk in games with only two players using a public device.

The use of a second round of communication to provide a mecha-
nism designer with additional information is similar to the argument
in (Mezzetti 2004), who shows how a mechanism designer can improve
outcomes by using a second round of information in which players pro-
vide information about their values. When players’ payoffs are interde-
pendent, each player’s value contains information about everyone else’s
type in much the same way the first round reports do here. Of course,
the method we use to get players to reveal this information is quite
different than it is in that reference.

Folk theorem like results for competing mechanism games have been
provided by (Tennenholtz 2004), (A.T. Kalai and Samet 2010) and
(Peters and Szentes 2008). The essential difference between these pa-
pers and our result here is that they assume contracts can condition
directly on the contracts of other players. So players do not directly
convey type information or make recommendations to one another.
As mentioned above, our primary contribution here is to show how
to structure the sequential communication mechanism among players
(including agents) so that private communications can be used in the
same way as a public correlating device (which not only makes the
type public, but also ensures player send the same type reports to all
other players). At a more mundane level, the first two papers above
deal with games of complete information. The paper by (Peters and
Szentes 2008)deals with incomplete information games but imposes two
restrictions which play no role here. First, it restricts to non-random
contracts and focuses on pure strategy equilibria. Second, it does not
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allow any direct communication between players - all type information
is conveyed through information revealed by contract offers themselves.
For this reason the set of outcome functions that can be supported as
equilibrium is a strict subset of the set that can be supported here.9

The paper by (Peters 2010) provides a similar characterization result
to the one we give here. In fact it borrows the correlating device we
have, in turn, borrowed here. However, the point of that paper is quite
different. It revisits the question in (Epstein and Peters 1999) and pro-
vides a modified set of direct mechanisms that can be used to mimic
equilibrium outcomes in any competing mechanism game - effectively
providing a revelation principle for competing mechanisms. Since ev-
ery equilibrium in mechanisms supports an outcome function that can
be supported as an equilibrium in the direct mechanisms provided by
(Peters 2010), the same must be true for all the outcome functions
supportable here. This is why the direct mechanisms in that paper
have to provide the same folk theorem as the one presented here for
environments with four or more players.

At the other extreme, the model of competing mechanisms that is
most often discussed in the literature imposes strong restrictions on the
environment and on players’ ability to contract. For example, a stan-
dard approach is to distinguish a number of uninformed mechanism
designers and have them compete to influence a number of privately in-
formed agents. Principals are typically not allowed to communicate at
all beyond telling agents what their mechanisms are. Agents are viewed
to have a very limited set of actions and no ability at all to commit.
For example, in a typical delegated common agency (e.g. (Martimort
and Stole 2008)), agents simply decide how much, if any, output they
should produce on behalf of each of the principals. Principals choose
output contingent transfers.10

We use finite action spaces here, so outputs would have to be con-
strained to a finite set. Transfers in turn would have to be chosen from a
finite set, so that the set of output contingent transfers remains finite.
However, this difference is inessential. The more important distinc-
tion is that limiting communication and commitment ability of agents

9Note that it is only for games with four or more players that the papers are
comparable.

10Just to be explicit about the relationship, in (Yamashita 2010), agents take no
actions at all (i.e., there is nothing for them to commit to) and simply transmit
recommendations and type reports to principals. Agents are privately informed,
while principals have no information. Those are all special restrictions on the envi-
ronment which we don’t impose. He does prevent principals from communicating
with one another.
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will add additional constraints to (1.1) and (1.2). For example, if an
outcome function is supportable as an equilibrium in recommendation
mechanisms, it will still satisfy (1.1) and (1.2). However, the agents’
inability to commit their participation decisions will impose additional
restrictions on the punishment. Conversely additional restrictions will
have to be added to the participation decisions involved in a punish-
ment when players cannot commit their participation decisions with
contracts.

7. Refinements

Our theorem uses Bayesian equilibrium as a solution concept. Re-
finements, like restrictions on commitments, are going to impose addi-
tional restrictions on supportable allocations. For example, if we want
to impose a refinement like sequential equilibrium, then allocations sup-
portable with consensus mechanisms will still satisfy (1.2). However,
the punishment mechanism will also be incentive compatible. Con-
versely, a sufficient condition for an allocation to be supportable as a
sequential equilibrium will be the existence of an incentive compatible
punishment. The nature of these additional restrictions depends on
the environment, the refinement, and whatever additional restrictions
are imposed on contracting, as we discussed above. We illustrate here.
However, a useful discussion of these issues goes well beyond the scope
of this paper..

To understand the biggest problem with refinements, consider a game
with complete information. There are four players (simply so that the
assumptions of our theorem above are satisfied). Suppose that player
1 has three possible actions, {a, b, c}. None of the other players con-
trols any actions at all. Player 1 offers a mechanism, and the solu-
tion concept requires that after seeing the mechanism, continuation
play constitutes a Nash equilibrium (subgame perfection). Obviously,
player 1 simply chooses his favorite action in any Bayesian equilibrium.
However, player 1 could deviate and offer a mechanism which invites
players 2 and 3 to send a message in [0, 1] . He commits to translate
the messages m2 and m3 into actions the following way:

γ (m2,m3) =











a if m2 < m3 < m2 + 1
2
,

b if m2 = m3 or m3 = m2 + 1
2

c otherwise.

,

Now imagine payoffs for player 2 areu (a) = −1, u (b) = 0, and u (c) =
1. Player 3’s payoff is −u. This is simply the Sion Wolfe Sion and
Wolfe (1957) example of a game that has no equilibrium in either pure
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or mixed strategies. This is a feasible mechanism in our framework, and
a reasonable looking mechanism in any framework. So in this simple
setting, there can be no subgame perfect equilibrium to the mechanism
game unless mechanisms like the one above are ruled out.

There are (at least) two ways to get around this problem - restrict
the set of mechanisms that players are allowed to use, or use refine-
ments other than sequential equilibrium. For example, one could re-
strict players to mechanisms that involve only finite message spaces.
As long as actions and types are both finite, it ought to be possible to
show that the overall mechanism design game must have a sequential
equilibrium. Alternatively, we could require that equilibrium satisfy
the weaker property that players’ strategies be sequentially rationaliz-
able in every information set.

As mentioned above, a characterization under either of these ap-
proaches would require that we strengthen (1.2) by adding constraints
requiring the punishment to be either incentive compatible, or incentive
’rationalizable’.

Yet, with respect to providing a ’useful’ characterization, there is
another issue. Consider an allocation rule satisfying (1.1) and (1.2),
and suppose that in addition that there is some belief about the action
the deviator will take when he deviates that makes the punishment
pi incentive compatible. It doesn’t follow from this that the alloca-
tion rule can be supported as a sequential equilibrium. The reason
is that the deviator can announce commitments - even commitments
that depend on type reports from the players who are supposed to be
punishing him. The non-deviators see what these commitments are,
and can make recommendations that depend on these commitments.
A ’characterization’ of the kind above is then going to require a con-
straint like (1.2) for every possible commitment the deviating player
can make. We could try to add all these constraints to (1.2). However,
this would generally be little more than a tautological restatement of
what an equilibrium is.11

If refinements are important, then the issue is not to provide a gen-
eral characterization, as we have done here, but to find restrictions on
mechanisms and the environment in which a useful characterization is
possible with refined equilibrium. As an example of how this might

11This is the kind of ’characterization’ provided in Yamashita’s paper. He gives
a value for a deviating principle which is described as the lowest payoff the principle
can attain in any continuation equilibrium associated with any deviation. So it is
more difficult (since one needs to find all possible continuation equilibria) to find
these values than it is to check whether there is a sequential equilibrium supporting
a particular outcome.
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work, consider a delegated common agency with many principals and
many agents. Index the principals as players 1, . . . ,m and the agents
as players m + 1, . . . , n.

As an illustration, consider a delegated agency problem with many
agents. Index the principals as players 1, . . . ,m and the agents as play-
ers m + 1, . . . , n. We make the usual assumption that principals have
no private information, while agents are privately informed. Suppose
each principal wants to buy some input from one of the agents. Each
principal can then choose to make a transfer from a finite set of trans-
fers to one or more of the agents. We assume this set contains a zero
transfer and no negative transfers. The agents choose a quantity of
the input to produce for each principal (again restricted to a finite set
of non-negative quantities to fit the formalism here). This set is as-
sumed to include an action that involves producing no output for any
or all principals. We assume principals’ payoffs are given by u (x, θ)− t

where x is the total quantity produced for him, u (x, θ) ≥ 0, t is the
sum of the transfers the principal makes, and θ is the vector of agents’
types. Agents’ payoff are assumed to be t − c (x, θ), where again t

is the total transfer they receive, x is the total output they produce
and θ is the vector of agent types. Then the no-externalities condition
from (Peters 2003) holds, and conditional on agents’ actions, agents’
preferences over any menu of one principal’s actions are independent of
the actions of any other principal. This assumption about preferences
along with the assumption that agents can offer consensus contracts to-
gether make it possible to give a useful characterization of supportable
outcome functions.12

The set of contracts available to the players is the same as we have
described above. As our characterization result applies only in this
environment, refer to this particular competing mechanism game as
the ’delegated agency game’.

Theorem 4. Suppose there are 4 or more players. Let q (θ) be an

incentive compatible allocation rule. The q can be supported as a se-

quential equilibrium in the delegated agency game if and only if each

player’s payoff is non-negative.

12In this formulation the mechanism that a principal offers is a mapping from the
types of all the agents into his own payment. It might seem more natural to model
the principal’s contract as a mapping from agent types to transfers and quantities.
As we have illustrated above, consensus contracts involving confirmation processes
allow players to correlate their actions, so the two approaches will give the same set
of supportable allocations. The approach we use allows a very simple comparison
with Theorem 1.
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Most of the details of the proof are straightforward applications of
the reasoning given above. Consider the sufficiency argument. Re-
porting the same type and correlating message to each of the others,
and randomizing over the correlating message are sequentially rational
no matter what players believe about the type of a deviator, provided
there are at least 3 non-deviators left to support the majority argu-
ments used in the confirmation process. So as in the proof of Theorem
1, suppose that when all players offer a consensus mechanism, player
unanimously recommend the direct mechanisms that implement q (see
the construction in the proof of Theorem 1). Sequential equilibrium
becomes an issue after a deviation. However, if some player deviates
and offers something other than a confirmation process, there are many
mechanisms that implement a zero payoff for the deviating player. Se-
quential rationality simply requires the existence of some mechanism
which is incentive compatible no matter what the deviator offers and
which implements zero trade with the deviator. The non-deviators
are going to recommend this punishment to all the non-deviators who
are still committed to consensus mechanisms. Going along with the
majority is sequentially rational independent of beliefs by the nature
of a consensus mechanism. There are clearly many mechanisms that
are incentive compatible (any constant mechanism for example). The
necessity argument is immediate because every player can choose a
mechanism that yields non-negative payoff.

It should be apparent that we can go even further in this simple
game. It is uncommon in common agency to allow agents to commit
themselves. In existing competing mechanism games it is normally as-
sumed that principals can’t communicate with each other. It should be
apparent that Theorem 4 will be true in a modified version of the game
in which only agents send messages (recommendations in this case) pro-
vided there are at least four agents. Four agents are needed because
they are making commitments and there have to be three agents left
after one deviates to enforce a punishment.

Notice that theorem 4 allows correlation in types and interdependent
preferences.

Finally, we can extend this kind of reasoning even further by assum-
ing that agents can’t make commitments. To deal with this we need
to make the output choice part of the principal’s mechanism. Then if
there are three agents, a theorem like Theorem 4 will be true if there
is an outcome function for the non-deviators which is incentive com-
patible
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Conclusion

Our basic contribution is to complement the Yamashita theorem by
characterizing the set of outcome functions supportable as Bayesian
Nash equilibrium in the competing mechanism game. Whether or not
there is a sensible equilibrium refinement for competing mechanism
games that will narrow the of supportable outcomes is an open ques-
tion.

8. Appendix

8.1. Uniform Distributions and independence.

Remark 5. ⌊x +
∑

j 6=i x̃j⌋ is uniformly distributed on [0, 1] indepen-

dently of x̄ provides each x̃j is uniformly distributed on [0, 1].

Proof. Suppose that n = 2. Then
∑

j 6=i x̃j = x̃j, and ⌊x̄ + x̃j⌋ is

obviously uniform. Let both x̃1 and x̃2 be uniform on [0, 1]. Then the
probability density function of z̃ = x̃1 + x̃2 is13

f (z) =

{

z 0 ≤ z ≤ 1

2 − x otherwise.

The probability that ⌊z̃⌋ ≤ w is then given by

∫ w

0

zdz +

∫ 1+w

1

(2 − z) dz = w.

So ⌊x̃1 + x̃2⌋ is uniformly distributed. So when n = 3, ⌊x̄ +
∑

j 6=i x̃j⌋ is
uniformly distributed. Then the argument follows by induction. If for
n−1 players ⌊x̄+

∑

k 6=j x̃k⌋ is uniformly distributed, then for n players

⌊x̄ + x̃j +
∑

k 6=i,j

x̃k⌋ =

⌊x̃j + ⌊x̄ +
∑

k 6=i,j

x̃k⌋⌋

and uniformity follows from the result for n = 3. ¤

13(Hall 1927).
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8.2. Proof of Lemma 3.

Lemma 6. Suppose n ≥ 4. Consider any subgame and set of strategy

rules such that some player j believes that player i is using a confir-

mation process. Suppose further that all the players other than j are

using strategy rules that involve a consistent revelation strategy. Then

whatever the realizations (s−j, t−j) of the others’ reports, τ i
k (s−i, t−i) is

independent of what j reports if k 6= j, while there are reports that j

can send to i such that τ i
j (s−j, t−j) takes any value in S.

Proof. Fix the first round reports s−j of the players other than j. We
write in the obvious way s−jk for the subvector consisting of reports
in s−j by players other than k. Suppose that j’s strategy is consistent
and he sends the message s′ to each of the other players in the first
round. Then since every other player is using a consistent strategy,
the value that i uses for player j will be based on first round messages
(s′, s−ij), second round message (s′, s−kj) from each player k 6= j since
each such player is using a consistent reporting strategy, and second
round message s−j from player j which doesn’t depend on s′. Since the
first round message from player j agrees with the second round reports
of each of the other players, we conclude by (4.2) that

τ i
j

(

(s′, s−ij) ,
∏

k 6=i,j

(s′, s−kj) , s−j

)

= s′.

Notice that this verifies the last part of the theorem - j can induce any
value for τ i

j in S.
Player j can deviate from this consistent strategy by sending different

messages to the other players on the first round. He could also send
different messages to i on the second round, but τ i

j doesn’t depend on
i’s second round messages, so we defer discussion of this second kind
of deviation. Let sk be the message he sends to player k on the first
round, and s̃−j the vector of n−1 messages he sends to i on the second
round. In this case there are two possibilities. If the players k 6= j all
report s′k = s′, or if all but one of the others reports s′ = s′i then by
(4.2),

τ i
j

(

(s′i, s−ij) ,
∏

k 6=i,j

(s′k, s−kj) , s̃−j

)

= s′,

which is an outcome j could have obtained by using a consistent report-
ing strategy and reporting s′ in the first round to everyone. Otherwise,

τ i
j

(

(s′i, s−ij) ,
∏

k 6=i,j

(s′k, s−kj) , s̃−j

)

= s,
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which is an outcome he could also accomplish with a consistent strategy
by sending the message s to each player then reporting accurately to i

in the second round.
To complete the proof of the theorem, observe that since player k is

using a consistent reporting strategy, he will make the same first round
report sk to each of the other players. With the possible exception of
player j, each of the others will then report sk to player i. Since at
least two second round reports will agree with k’s first round report,
we have

τ i
k

(

(s′i, s−ij) ,
∏

k′ 6=i,j

(s′k′ , s−k′j) , s̃−j

)

= sk

independent of s̃−j. ¤
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