
Publi
 GoodsMi
hael PetersDe
ember 1, 20081 Introdu
tionA publi
 good is a good having the property that the total output of the goodis enjoyed by everyone. In 
ontrast, a private good has the property that ifI 
onsume it, you 
annot. Some of the more important goods in the moderne
onomi
s are a
tually publi
. For example, an idea or a bit of information is apubli
 good. Whether or not you know the idea, or have the information doesnot impa
t on my ability to know the same thing or have the same information(though whether or not you have the same information as I do may determinewhether or not I 
an make money o� you). A musi
 �le shared on my 
omputeris a publi
 good � if you take it from me, my ability to enjoy it is not a�e
tedat all. A theorem, like the �rst welfare theorem that we studied last week, isa publi
 good: I do not forget it when you learn it. Contrast this with my 
aror my lun
h whi
h are both private goods: if you take them from me I 
annotenjoy them at all.This note des
ribes an equilibrium for the voluntary 
ontribution game,whi
h is a 
ommon way to think about how publi
 goods are provided. Itexplains why the amount of the publi
 good in the voluntary 
ontribution gameis underprodu
ed (be
ause the out
ome is not Pareto optimal: there is anotherout
ome that will make everyone better o�). This note then explains how publi
goods 
an be pri
ed to ensure Pareto optimal supply.1.1 The voluntary 
ontribution gameSuppose there are two goods, one publi
 (y) and one private (x). Let f (x)denote the amount of the publi
 good that 
an be produ
ed from x units of theprivate good. Suppose there are two 
onsumers with utility fun
tions u1 (x, y)and u2 (x, y) respe
tively. Their endowments of the private good are ω1 and ω2.The set of points {(x, y) : y = f (ω1 + ω2 − x)} is the produ
tion possibilitiesfrontier.If the �rst 
onsumer de
ides to 
onsume x1 (and devote the rest of hisendowment ω1 to produ
tion of the publi
 good) while 
onsumer 2 de
ides to
onsume x2 the utilities of ea
h of the 
onsumers are given by
u1 (x1, f (ω1 + ω2 − x1 − x2))1



for 
onsumer 1 and
u2 (x2, f (ω1 + ω2 − x1 − x2))for 
onsumer 2. The important point is that if 
onsumer 1 say de
ides to
onsume a bit less of the private good and produ
e a bit more of the publi
good, then 
onsumer 2 will enjoy the additional publi
 good too without any
ost at all.The voluntary 
ontribution game equilibrium is one way to predi
t how mu
hof the private good ea
h 
onsumer will 
hoose. Ea
h of the 
onsumers simplypi
ks the amount of the private good they want on their own. This is a bit hardto do be
ause the amount that ea
h 
onsumer will 
hoose to 
ontribute dependson how mu
h they expe
t the other 
onsumer to 
ontribute. A good way to dothis is to use a Nash equilibrium in pla
e of a Walrasian equilibrium. Insteadof taking pri
es to be �xed, ea
h 
onsumer takes the 
ontribution of the other
onsumer to be �xed and 
hooses the 
ontribution that maximizes his utilitygiven this expe
tation. In a Walrasian equilibrium, when a 
onsumer a
ts as if hebelieves that pri
es are �xed, he has to be physi
ally able to pur
hase the bundlethat maximizes his utility at these pri
es. That is why the pri
e expe
tationshave to be su
h that markets 
lear. Analogously, when the 
onsumer 
hooseshis optimal 
ontribution given a �xed expe
tation about the 
ontribution of theother 
onsumer, he has to end up with exa
tly the amount of the publi
 goodthat he expe
ted to get.Formally, a Nash equilibrium for the voluntary 
ontribution game is a pairof private 
onsumptions x∗

1 and x∗

2 su
h that
u1 (x∗

1, f (ω1 + ω2 − x∗

1 − x∗

2)) ≥ u1 (x′, f (ω1 + ω2 − x′ − x∗

2))for any alternative 
ontribution x′ ∈ [0, ω1] and
u2 (x∗

2, f (ω1 + ω2 −−x∗

1x
∗

2)) ≥ u2 (x′, f (ω1 + ω2 − x∗

1 − x′))for any alternative 
ontribution x′ ∈ [0, ω2].One way to view the out
ome of this game is given in Figure 1 where thetwo 
onsumers 
hoose x∗

1 and x∗

2. The `budget line' that 
onsumer 1 fa
es,for example, when 
onsumer 2 
hooses 
onsumption x∗

2 is the set of all pairs
{(x1, y) : y = f (ω1 + ω2 − x1 − x∗

2)}. The slope of this is exa
tly the same asthe slope of the produ
tion possibilities frontier at the point (x∗

1 + x∗

2, y
∗). Thesame is true for 
onsumer 2. So, in the equilibrium of the voluntary 
ontributiongame, ea
h 
onsumer has the same marginal rate of substitution and the samemarginal rate of transformation in produ
tion.With private goods, this is exa
tly what you want. Re
all that, in the Edge-worth box, both 
onsumers' indi�eren
e 
urves were tangent and the 
ommonslope of their indi�eren
e 
urves was equal to the slope of the produ
tion pos-sibilities frontier. With publi
 goods, this is not the out
ome that you want.An alternative approa
h � that helps to explain how 
ontributions are de-termined and why these 
ontributions are not Pareto optimal � is to try �ndthe best 
hoi
e for 
onsumer 1 to make for all the di�erent possible 
ontribution2
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levels that 
onsumer 2 might 
hoose. This approa
h is more 
ommon in gametheory and involves the 
onstru
tion of something 
alled the best reply fun
tion.The best reply fun
tions are put together to understand the �nal out
ome.In Figure 2, the various 
onsumption 
hoi
es that player 2 
an make aregiven along the bottom axis. Ea
h su
h 
hoi
e implies a 
ontribution to theprodu
tion of the publi
 good - just take the di�eren
e between the 
onsumptionlevel and the endowment to �nd it (this �gure would look a bit di�erent if player
2's 
ontributions to produ
tion of the publi
 good were listed on the bottom axis� that approa
h is more 
ommon).The green lines represent iso-utility 
urves for 
onsumer 1. They are solu-tions to equations of the form

u1 (x1, f (ω1 + ω2 − x1 − x2)) = Kwhere K is some 
onstant. Consumer 1 a
hieves higher utility (holding his own3
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onsumption level 
onstant) the lower is the 
onsumption level of 
onsumer 2.Lower 
onsumption by 
onsumer 2 means that 
onsumer 2 is 
ontributing moreof her endowment to produ
e the publi
 good.In the Nash equilibrium, 
onsumer 1 forms some belief about the 
onsump-tion level that 
onsumer 2 will pi
k. Suppose for the moment, that he believesthat 
onsumer 2 will 
hoose 
onsumption x′′. Then he 
an attain any (x1, x2)
ombination that lies on the verti
al line through x′′. The best su
h point is theone that lies on the highest iso-utility 
urve. That is the one through the point
(R1 [x′′] , x′′) where an iso-utility 
urve is just tangent to this verti
al line. (Ifhe were to lower his planned 
onsumption by moving down this verti
al line, hewould end up on a lower iso-utility 
urve like the one that lies just to the rightof the point (R1 [x′′] , x′′).There would be a di�erent best 
hoi
e like this for every di�erent 
hoi
e that
onsumer 2 makes. The pi
ture shows the 
orresponding tangen
ies at point x′and x′′′. If you joined all these best 
hoi
es together they would form a line(not ne
essarily straight as it is in the pi
ture) 
alled 
onsumer 1's rea
tionfun
tion. This is the line R1R1 in the pi
ture. It explains what 
onsumer 1would 
hoose to do for every possible di�erent belief that he might have aboutthe 
onsumption 
hoi
e of 
onsumer 2.Doing the same exer
ise for 
onsumer 2 yields a similar 
urve, whi
h isdrawn in Figure 3 as R2R2. The point where these two 
urves interse
t is theNash equilibrium. Ea
h 
onsumer 
hooses his best 
onsumption given what heexpe
ts the other 
onsumer to 
hoose; and, as it turns out, the other 
onsumeralways does exa
tly what he expe
ts him to do.When you try to 
onstru
t the iso-utility 
urves for person 2, he will 
hooseone that is tangent to the �at line through x∗

1 sin
e he expe
ts 
onsumer 1's
onsumption 
hoi
e to x∗

1 no matter what he does. This means that the iso-utility 
urves for the two 
onsumers must 
ut through ea
h other as shown inthe diagram. There must be a point like E where both of the 
onsumers would4



be better o� if they 
ould jointly agree to move there. That would involve ea
hof them redu
ing their own 
onsumption of the private good and using that toin
rease produ
tion of the publi
 good.2 Resolving the Publi
 Good ProblemThere is a rather surprising way to resolve this problem. The entire di�
ultywith publi
 goods arises be
ause a 
onsumer who raises his or her 
ontributionto the publi
 good in
reases the utility of the other trader. To get 
onsumersto 
hoose the right amounts something has to be done to `internalize' this ex-ternality. Here is one way to do it.First de
lare that there are a
tually 3 goods, y1, y2, and x. The �rst ispubli
 good for person 1, the se
ond publi
 good for person 2 and the third theprivate good. All produ
tion of these three goods will be undertaken by a singlepro�t-maximizing �rm whose produ
tion possibilities frontier is just
{(y1, y2, x) : y1 = y2 = f (ω1 + ω2 − x)}All endowments are owned by the �rm, but 
onsumer 1 owns the share ω1/ (ω1 + ω2)of the �rm and will re
eive that share of its pro�ts. Consumer 2 will own the
omplementary share ω2/ (ω1 + ω2). We will make one big assumption, whi
his that this single �rm is a pri
e-taker.Consumer 1 only 
ares about his 
onsumption of the private good and his
onsumption of good 1; 
onsumer 2 only 
ares about her 
onsumption of theprivate good and good 2. Consumer 1 doesn't 
are how mu
h y2 
onsumer 2
onsumes, so there are no externalities in 
onsumption. The �rm 'internalizes'all the externalities asso
iated with the publi
 good. The physi
al 
onne
tionbetween y1 and y2 is simply a part of its produ
tion pro
ess, so there are noprodu
tion externalities. So, all we need to do is to �nd the Walrasian equilib-rium of this e
onomy with produ
tion and that will give us a Pareto optimalallo
ation by the �rst welfare theorem that we studied last week. The solutionis given in Figure 4.Noti
e that, when the �rm in
reases produ
tion of the publi
 good, it re
eivesrevenue twi
e on ea
h unit it produ
es. Consumer 1 pays p1 for that unit, but
onsumer 2 also pays p2 for it. So, the iso-pro�t 
urve for the pro�t maximizing�rm that must be tangent to the produ
tion possibilities frontier has slope

1

p1+p2

. The �rm earns its pro�ts for its produ
tion de
ision then distributesthese pro�ts to its owners. Consumer 1 re
eives in
ome
ω1

ω1 + ω2

(p1y
∗ + p2y

∗ + x∗

1 + x∗

2)whi
h is labelled on the horizontal axis in Figure 4 . Consumer 2 re
eives
ω2

ω1 + ω2

(p1y
∗ + p2y

∗ + x∗

1 + x∗

2)whi
h is the point where 2's budget line interse
ts the horizontal axis (that hasnot been labeled in the �gure to keep things simpler).5
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2Consumer 1 now fa
es a budget line (the blue line in the pi
ture) alongwhi
h he 
hooses his best 
onsumption bundle. Noti
e that sin
e 
onsumer 1only buys good y1 at pri
e p1 � the slope of this budget line is 1

p1

not 1

p1+p2

. Soin this equilibrium, 
onsumers marginal rates of substitution will be di�erentfrom the �rm's marginal rate of substitution and generally di�erent from ea
hother.The market 
learing 
onditions are twofold. First, 
onsumers must both
hoose to pur
hase the 
ommon level of output of the publi
 good that hasbeen o�ered by the �rm. Se
ond, the sum of the private good demand of ea
h
onsumer must be equal to the total amount of the private good that the �rmhas 
hosen to produ
e.The pri
es that support this out
ome are often know as Lindahl pri
es. There
ipro
al of the slope of the produ
tion possibilities frontier is the marginal
ost of produ
ing one extra unit of the publi
 good (expressed in terms of unitsof the private good). Sin
e the iso-pro�t line must be tangent to the produ
tionpossibilities 
urve, this marginal 
ost is equal to p1 + p2. The re
ipro
al of theslopes of the 
onsumers indi�eren
e 
urves are equal to their marginal willing-ness to pay for the publi
 good (again expressed in terms of the private good).Sin
e the indi�eren
e 
urves are tangent to the individual budget lines, thesewillingnesses to pay are p1 and p2 respe
tively. So, the Lindahl pri
es ensurethat the marginal 
ost of produ
ing the publi
 good is exa
tly equal to the sumof the two 
onsumers' willingness to pay.
6


